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We have used the so-called static fluctuation approximation (SFA) to calculate the
thermodynamic properties of spin-polarized >He—Hell mixtures at low temperature,
T < 0.025K. This approximation is based on the replacement of the square of the
local-field operator with its mean value. A closed set of nonlinear integral equations
is derived for spin-up and spin-down systems. This set is solved numerically by an
iteration method for a realistic interhelium potential. The mean internal energy per unit
volume, the pressure, the entropy per unit volume, and the specific heat per unit volume
increase with increasing temperature. The mean internal energy per unit volume, the
pressure increase with increasing spin polarization; while the entropy per unit volume
and the specific heat per unit volume are weakly-dependent on spin polarization.

KEY WORDS: spin-polarized system; static fluctuation approximation; >He-Hell
mixtures.

1. INTRODUCTION

In this paper, we shall study the thermodynamic properties of the spin-
polarized *He—Hell mixtures from the microscopic point of view. This is a weakly-
interacting neutral many-fermionic system.

The *He—Hell mixture is an interesting system for several reasons. For one,
it is widely used as a refrigerant for cooling purposes up to the milliKelvin
range (Kelly, 1973). For another, it is a model system for testing theories of
weakly-interacting fermions. The polarized mixture provides us with an even better
testing ground for the underlying quantum physics. It is a ‘natural laboratory’ for
studying properties of matter in an extremely pure environment, where most of
the unavoidable disturbances present at higher temperatures are almost completely
‘frozen out.’
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This system has been studied theoretically from various perspectives. The
magnetokinetic effects have been investigated at arbitrary temperatures, impurity
concentrations, and magnetic fields (Meyerovich, 1978). In strong magnetic fields,
the kinetic coefficients have been found to increase exponentially with the field.
Also, the superfliud phases of >He in 3He—Hell mixtures in the presence of a
magnetic field have been discussed (Meyerovich, 1980). Observation of these
phases seems to be possible, and their properties appear to be as interesting as
the properties of superfluid (pure) *He. A variational method has been used to
determine the viscosity of the dilute spin-polarized mixture (Hampson et al.,
1988). Variations in the thermodynamic properties arise from the changes in both
the density of states and the kinetic energy of the quasiparticles (Bradley, 1997).

Experimentally, there have been two major tracks. The first has been the study
of the spin dynamics and transport properties of these mixtures. Pulsed-NMR
techniques have been used to investigate longitudinal spin diffusion and non-
linear spin dynamics in dilute spin-polarized *He—Hell mixtures between 4 and
400 mK (Nunes et al., 1992). Transverse spin diffusion and spin rotation in very
dilute spin-polarized *He—Hell mixtures have been measured by an 8-T magnetic
field<TB:break/> (Candela et al., 1991). The second track has been the develop-
ment of the technology to produce spin-polarized mixtures. A polarization of 56%
has been obtained in a 4% *He—Hell mixture at 200 mK (Candela et al., 1994).
Spin-polarized 3He—Hell mixtures are prepared by the fast liquefaction of a vapor
highly polarized by laser optical pumping. A nuclear polarization of order 25%
has been obtained in the liquid (Villard et al., 2000).

In this paper, we are interested in the thermodynamic properties of spin-
polarized *He—Hell mixtures at temperatures less than the Fermi degeneracy tem-
perature ~0.1 K. We shall apply for the first time in this context the so-called static
fluctuation approximation (SFA). The SFA has already been used to study various
systems, such as the classical two-dimensional Ising model (Nigmatullin ez al.,
2000a); liquid helium-4 (Al-Sugheir et al., 2001); liquid helium-3 (Al-Sugheir
and Ghassib, 2002); and 3He—Hell (Al-Sugheir, 2004). The underlying physical
idea is to replace the square of the local-field operator with its mean value. The
physical implication is that the true quantum-mechanical spectrum of this opera-
tor is replaced with a distribution around the expectation value of the local-field
operator (Al-Sugheir, 2004; Al-Sugheir er al., 2001; Al-Sugheir and Ghassib,
2002; Nigmatullin et al., 2000a,b,c; Nigmatullin and Toboev, 1989).

We shall consider an extended system of Nj 3He atoms, each of mass ms3,
occupying a volume €23, embedded in a Hell background of N4 atoms, occupying
a volume 4. We know that “He atoms are spinless bosons, while 3He are fermions
with spin 1/2. It should be noted that this mixture of *He—Hell, at temperatures
less than the Fermi degeneracy temperature (~0.1 K at zero pressure), is a dilute
weakly-interacting neutral many-fermionic system. This is because of the negli-
gible number density of Bose-type excitations (phonons and rotons) under these
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circumstances, and the dominance of the *He quasiparticles (Kittel and Kroemer,
1995; Wilks, 1967). 3He—Hell mixtures have an additional degree of freedom,
which is the 3He concentration. This degree of freedom enables us to study the
density effect on the various properties.

The rest of the paper is organized as follows. Section 2 involves a full deriva-
tion of the closed set of nonlinear integral equations for spin-polarized *He—Hell
mixtures. Section 3 is devoted to the calculations and numerics. Section 4 sum-
marizes the results. Finally, in Section 5, the paper closes with some concluding
remarks.

2. THE STATIC FLUCTUATION APPROXIMATION
FOR SPIN-POLARIZED *He-Hell MIXTURES

For a specific Hamiltonian H, the Heisenberg representation of a creation
operator d;; is given by

at (v) = exp(t H)ay' (0) exp(—t H), (1)

where T = it. The equation of motion of the creation operator in this representation
can be written in the form

dafh(r)y .
2+ =[H,a} ()] 2)

Here k and X are indices denoting the complete set of compatible quantum numbers
describing a specific state, where k denotes the linear momentum of the particle and
A= :I:% is the spin of the particle. According to the well-known anticommutation
relations for a Fermi system:

{axs., fl;r,\,} = 8kgSins A g} = a5, a;r,\,} =0.

The total Hamiltonian for neutral many-fermionic systems in second quantization
can be written as

N R h? R
A= /d?w(?) (——V2> U(r)
2m
1 o W aA A
+§//dr,dr2w+(rl)\p+(r2)V(r, — )W E)W(r). 3)

Here W(7) and W (7) are the field operators, 7 is Planck’s constant (h = h /21 =
Dirac’s constant), m is the fermionic mass, and V(7| — 7») is the pairwise central
potential that depends only on the modulus of || — 75].
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It is convenient to write the field operators as linear combinations of the
creation and annihilation operators:

) = v, Py, “)
U@ =) v P, )
kA

where the coefficients v, (), W,;J; (7) are the single-particle wavefunctions and the
sum is over the complete set of single-particle quantum numbers.

In a uniform homogeneous infinite system, all physical properties must, of
course, be invariant under spatial translations. This suggests that the single-particle
wavefunctions are plane waves:

Y () = % exp(ik - F)ns. (6)

where €2 is the normalization volume of the system and 15, are the two spin
wavefunctions.

Integration over the spatial coordinates of Eq. (3) gives the Hamiltonian in
second quantization (Al-Sugheir, 2004; Fetter and Walecka, 1971; Stoof et al.,
1996):

H = Z&‘(k) ak)\ ZZ (Q) T+ ;q apllalz)n 7

;ﬁé Arl
where s(l_é) is the kinetic energy:
- hK?
k) = , 8
e(k) o (®)

m} being the effective mass of a 3He atom, and V (¢) being the Fourier transform
of the pair potential defined as

Vig) = / V(r)exp(ig - ¥)dr. )
The grand canonical Hamiltonian of this system is
H =" (e(k) — )i ag, + Z Y V@ar,,at ., dpdg,  (10)
i kpq Adi

where w, is the effective chemical potential, which depends on the spin state of
the particle for a spin-polarized system. For spin-up particles:

My = U3+ MHe -B
= 3 + MyeB; (11)
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and for spin-down particles:
My = p3+ MHe "B
= u3 — MyB, (12)

where 13 is the chemical potential of *He—Hell mixtures in the absence of the
magnetic field, My is the magnetic moment of 3He, and B is the applied mag-
netic field. The effective chemical potentials 114 and 1 are determined from the
conditions

1
=g Z (Agy); (13)
k
and
1
=g Z (Az,). (14)
k

P31 (p3,) being the number density of spin-up (-down) 3He particles in the mixture.
By summing over the spin indices A and A, we obtain

A= Z (e(k) — wp)af ag, + Z (e(k) = w7 ag,

+

+ A
A o 18548y + 87 A5\ 85,0g). 3)

i+, 4p-a

The first two terms are the kinetic energies of the spin-up and spin-down particles,
respectively. The third and the fourth terms represent the spin-up — spin-down
interaction, while the fifth and the sixth terms represent spin-up — spin-up and
spin-down — spin-down interactions, respectively. So, we can define the following:

= D (e®) — pigy: 16
k
=D () — iy, an
k
. 1 R o A
= 2Q Z V(Q)(“aq,ﬂ/&“;—qnam); (18)
kpq
A 1 X o A
Hy = 30 Z V(q)(a;;'_g’Tamag;qwam); (19)
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& 1 At At A AL

Hs = 55 2 V@@, ;5 g1amar); (20)
kpg

Hy = 5o Z (@@, 455 a5, 1)
kpq

We note that A; = H,.

Based on the SFA, the Hamiltonian can be expressed as a linear combination
of local-field operators A(k,), B(ky), C(ky), D(k}), and the number-of-particles
operators:

H =" (elk) — p)igy + Y (&) — 2 )i,
k i

+Y Akpig, + Y Clhkpag, + Y kg, . (22)
k k 7
where

By = ZA(/};);&M; (23)

i

i
= Z C(/zT)fl;T; (25)

i
He =Y DKy, (26)

i

The local-field operators are assumed to be hermitian and to commute with creation
and annihilation operators.
The equation of motion for the spin-up creation operator is
d &,f? (1)
dt

=[H, 4}, ()] = [Hy, 4501+ [Hy, a4 ()] + [Hs, &/, (0)]
+[Hy, af (D] + [Hs, &1, (0] + [He, a4 (D)]. (27)

We find that [ A3, ;/, (v)] = Oand [ Hs, &/, ()] = 0. With H3 = Hj, we can rewrite
Eq. (27) as

day, ()
dt

= [H\, a5(O) + [Hs, &, (0] + [Hs, 4, ()]
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= (e(b) — upagy + Y _A@GDAG &1+ ) [C@DAgy. af,]
q q
= (e(b) — upaf, + Z A@Agr. af 1+ C@plAgy. a7 ]

= [e(k) — py + 2A(k)) + Cky)laz:
= Flkp)agh (o), (28)

where
F(ky)) = e(k) — py +24A0k) + Clky). (29)
The local-field operators A(k 1) and ¢ (k4) are calculated as
[, 6 ()] = Akpa:

Aky) = (Gxy, [Hs, a (o)) = 30 Z V(O)aqlaN

= Ny
= V(O)ZQ' (30)

where N is the number of the spin-down particles.
In the same way,

g A 1
Cllky) = @ur. A5 afy (0D = = 3 (VO = VE = @)aaz. G
q

Similarly, the equation of motion for the spin-down creation operator is

dat .
WO _ 6 a0 (32)

where
G(kyy) = e(k) — py +2B(ky) + D(ky). (33)
We can find the local-field operators E(lq) and f)(k 1) as

B(ky) = (ayy, [Hy, & (0)]) = 1 Z V(0)at,a; V(O) T (34)
)= k> 45 k| - 20 - g1 qt —
q
where N, is number of the spin-up particles.

Dky) = (axy. [Hs, i, (1)]) = Z(V(O) vk — 9)ai ag, . (35)
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The operators A(k,) and B(k,) are constant field operators; they constitute
the ‘ether background,” these terms shift the chemical potential for spin-up and
spin-down states. The excited local-field operators are

Fo(ky) = e(k) — g + = Z(V(q) — V- 9)az,agy; (36)

Gex(ky) = 6(k) — ) + = Z(V(q) — VK- §)aj, ag,. (37

Thus, the excitation grand Hamiltonian describing a neutral spin-polarized
fermionic system is

Ao=H—Hy=Y_ Fulkig, + Y Gk, (38)
kt ky
The general solution of Eq. (28) is
a7 (1) = af explFenky)l; (39)
Fex(ky) = (Fex(ky)) + AFex(ky).
Substituting this into Eq. (39), we obtain
af (v) = a expl(( Fox(kp)) 4 AFex(ky)t]
= af, expl(Fex(ky)) ] exp(A Fex(ky)1). (40)

In the SFA, the square of the quadratic fluctuation operator can be replaced with
its mean value:

(A Fex(kp)? = (A Fex(ky))?) = @i ((kp)); (41)
(AGex(k)))* = (Gex(k)))*) = pZ((K))). (42)

It is more convenient to rewrite (40) as linear in terms of the fluctuations of the
local-field operator; this can be done with the aid of the identity:

B(a + bA Fex(ky)) = 0oy (k) + 1110 A Fex (ky), (43)
where
1
nor(k) = S(B(a + ber(ky) + [Bla — ber(ky); (44)

1
k) = 3 [B(a+byr(ky) — [B(a = br(ky)] (45)
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According to this identity, we can write (40) in the final form:

AFy(ky)
az (r) = a~ exp(( Fex (ky))T) | cosh(r(ky)T) + ——=— sinh(gr(ky)T) | -
pr(ky)
(46)
By using the identity
N A P 1 P
(C(B)B) = (BC) = aTr[exp( BH)BC), 47

0 being grand partition function of the system; then replacing t with 8 = 1/kgT, kg
being Boltzmann’s constant and 7 the absolute temperature; and invoking Eq. (46),
we can obtain the so-called long-range equation (Al-Sugheir and Ghassib, 2002):

(rr A) = nop(K)(A) + nip(k)(A Fex(kp) A). (48)

The operator A is chosen to commute with the creation and annihilation operators
as well as local-field operators:

not (k) =
1 1 1
; (49)
{exp[ﬂ(( Fex(k)) + @r(kp)] + 1 exP[ﬁ(( Fox(kp)) — pr(ky))] + 1 }
and
1 1
nipk) = { -
2¢p(ky) Lexp[B((Fex(kp)) + @r(ky )] + 1
! } (50)
exp[ﬂ(( Fex(ky)) — op(kp)] + 1

Similarly, we can obtain the following equations for the spin-down
subsystem:

a7, (1) = &, exp((Ges(k)T) [cosh«oc(kur) ¢ D) sinh(goG(km)];
51)
(i, A) = oy (K)(A) + 11, (K)(AGex(k)A), (52)

where
) = 1 { 1
o explA(Geoxky)) + wok )] + 1
+ —~ ! }; (53)
expLB(Curky) — gtk )] + 1



168 Sandougqa, Al-Sugheir, and Ghassib

and
1 { 1
296 (ky) L exp[B((Gex(k))) + @Gk, )] + 1

Ny k) =

- . ! } (54)
exp[B((Gex(k))) — (k)] + 1

We can now find the closed system of nonlinear integral equations for spin-up
and spin-down subsystems from the long-range equations. First, putting A = 1 in
Eq. (48), we have the spin-up particle distribution, where the quadratic fluctuations
are symmetric, (Aﬁex(lq)) =0:

(fiey) = mo4 (k). (35)
Substituting Eq. (55) in the long-range equation (48), we obtain
(Mg A) = =017 ()(AFex (k) A). (56)

Putting A = Afg, in this equation, where g # k, we have the pair correlation
function (Afig4 Afigy. ), the index ¢ denoting the true correlations g # k or A #1:

(Afigp Afigs)e = =11y (A Fex(ky) Afigy)
iy (k) S
=~ 5 D Wk B){( Ay Adgy). (57)
D
where
Wk, p) = V(p) — V(k — p).

Now, If k # g then A =1 or A =; and we find the pair correlation function:

AN 111(k) A
(Mg Algp)e = =0 3 Wk, B)(Adyy Adgy): (58)
p

A (k) 2o Aa
(A Adyy)e = _mrT S W&, P Adp Adgy). (59)
7

The closed set of nonlinear integral equations for the spin-polarized *He—Hell
mixture is, then:
For the spin-up subsystem:

. o 1 o o
Foxtky) = ety =y + 5 D Wk i, dgn; (60)
q

(nir) = noy (k) (61)
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b Bl)
(B =~y T2
= (mp) (1 = (mey)) s (62)
k -
(A ang)e = =" S WE Fyiany Ango); (63)
p
(Anpr Angr) = (Angt)?)Spg + (Anps Angp)e: (64)

and substituting A= Al:"ex in Eq. (56), we have

1 >
iRk = 5 D W §)(Angy Anpp)e. (65)
P

In a similar manner, the closed set of nonlinear integral equations for the
spin-down subsystem is:

. 1 .
Galk)) = e(k) =y + o D Wik 9af a5 (66)
p
(nky) = noy (k) (67)
0 g o 0{ngy)
((Angy)") = kﬂT—3M¢
= (nyy) (1 — (mxy))
k >
(Ang Ang,)e = _’“g ) ST W, B (Anpy Angy); (68)
B
(Anp Ang)) = (Ang )8y, + (Anp Ang) e (69)
and
1 -
my(K)egk,) = -5 Z Wk, p){Ang Any)).. (70)
p

We now have the closed system of nonlinear integral equations consisting of
(I:“ex(kp), (Mk4), ((AﬁkT)z), (Afigy Afigy)e, @r(ky) for the spin-up system; and
(Gex(ki)), (Mky), ((Aﬁki)z), (Afig, Afg))e, @glky) for the spin-down system.
These nonlinear integral equations will be solved numerically by Gaussian quadra-
ture (Ali, 1997; Bishop et al., 1977; Burden and Faires, 1993; Ghassib et al.,
1976).

To calculate the thermodynamic properties of the system, we should first
calculate the grand partition function Q. The usual definition is
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Fig. 1. The mean internal energy per unit volume U/
for the spin-polarized *He—Hell mixture as a function of
temperature 7 at different values of spin polarization p.

Q = Tr(exp(—BH)

> exp [—ﬂ(Z Fexlepigs + ) (Gexu«l)ﬁm} (71)
k k

NNy
=[] D exp(—B(Fexkp)iter + Gex(ky it ). (72)
kTl

For Fermi systems, ngy = 0, 1; ngy = 0, 1; so that Eq. (72) becomes

Q = [ J11 + exp(—B Fex(kyDI[1 + exp(—BGex(k)))]

k

=[]0+ exp(—=BFex)I T [ 11 + exp(—BGex (k). (73)
k k

The grand partition function Q is the product of the grand partition functions of
the two subsystems:

0=0410,,
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Fig. 2. The pressure P for the spin-polarized 3He—Hell mixture as a function
of temperature T at different values of spin polarization p.

where
Q1 = [ J11 + exp(—BEe(k)]; (74)
k
and
Q) =[] +exp(—=BG ek ). (75)
k

It is more convenient to take the logarithms of both sides:

InQr =In] JI1 + exp(—B Fux(ky))]
k

= Z ln[l + eXp(_ﬁﬁex(kT))]

k
= > {gor (k) + g1y (k) A e (ky))
K

From the symmetry of the quadratic fluctuations of the local-field operator, we get

InQr =Y qop (k) (76)
k
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Fig. 3. The entropy per unit volume S/2 for the spin-polarized
3He—Hell mixture as a function of temperature 7T at different values
of spin polarization p.

where

1 .
qor (k) = 3 In[(1 4 exp(—B((Fex(kt)) + @r(k1))))

A

X (1 4 exp(—=B((Fex(kt)) — @r(kt))))]. 77

Similarly, for the spin-down subsystem:

InQ, = qu(k),
k

where
1 A
qoy (k) = 3 In[(1 + exp(—=B((Gex(ky)) + @6 (k}))))
X (1 + exp(—=B((Gex(k})) — wc (k)] (78)

The logarithm of the total grand partition function is, then,

InQ=mnQ;+InQ,
= qor+)_q0,(k). (79)
k k

The mean internal energy is

amQ)
U=-— , 80
( B )za ®0
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Fig. 4. The specific heat capacity per unit volume C,/S2 for the spin-polarized >He—Hell
mixture as a function of temperature T at different values of spin polarization p.
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Fig. 5. The mean internal energy per unit volume U/$2 for the spin-polarized 3He—Hell
mixture as a function of spin polarization p at different values of temperature 7.
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Fig. 6. The pressure P for the spin-polarized >He—Hell mixture as a function
of spin polarization p at different values of temperature 7.

where z = exp(Bu) is the fugacity;

(aq(n(k)) _ 1 (Fex(k9)) + 111 + gr(ky) (Feskp)) + iy — @pks) &0

B Jza 2 \exp(BUFuly)) +opt)) + 1 exp(B(Fex(kp)) — or(kp)) +1 )7

<3¢Im(k)> _ 1 (Galk)) + 1y + k) (Gex(ko)) + s = pak) ). g
B Jzae 2 exp(B(Gex (k) + 0ok )) +1  exp(BUGex(hy)) — o k) + 1)

3‘107(k)> (qu(k))
U = —_— + —_— . 83
Z ( p Zy ; ap Zy ®

k

3.00E-05
................. T=0.01K
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< _
g T T=0.005K
%) ——
1.00E-05 | T=0.003K
0.00E+00 ‘ ‘ ‘
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Fig. 7. The entropy per unit volume S/Q2 for the spin-polarized
3He-Hell mixture as a function of spin polarization p at different
values of temperature 7.
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Fig. 8. The specific heat capacity per unit volume C,/S2 for the spin-polarized
3He—Hell mixture as a function of spin polarization p at different values of
temperature 7.

From the grand partition function and the mean internal energy, it is simple
to evaluate the other thermodynamic properties:
The usual definition of the pressure is given by (Huang, 1987; Pathria, 2004)

P= kBT?. (34)

The entropy of the system can be evaluated from the first law of thermody-
namics:

1
§= U+ PQ= Ny = N, (85)

The specific heat capacity of the system at constant volume is
o(\U — uyNy — u N
o, - (AU N — N (86)
oT o

Finally, the chemical potentials of the spin-up and spin-down subsystems, which
play a crucial role in calculating the functions g4 (k), n14(k), noy (k), and n; (k)
are calculated according the conditions

1 1
P = Z (i) =9 Z (Agy). &7)

k k
where p34 (p3,) is the number density of spin-up (-down) 3He particles in the
mixture.
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Fig. 9. The chemical potential for the spin-up subsystem of spin-polarized
3He-Hell mixtures as a function of temperature T at different values of spin
polarization p.

The number density of *He particles in Hell for volume differential coefficient
o = 0.284 is given by

_6.022 x 10¥x
~ 27.58(1 + 0.284x)

03 (atoms m™>), (88)

x being the concentration of *He in Hell.

3. CALCULATIONS

In the thermodynamic limit, the summation in the closed sets for spin-up and
spin-down particles can be changed to integration. After integrating over the solid
angle, the closed set of equations for the spin-up subsystem becomes

N 1 e
Foth)) = 60 = 1 + 55 [ Wik prtigyrap: 69
0
k o0
(A Bngg) = =21 /0 Wik p) (A Ay p2dp; (90)

1 o0
k) = —5 / Wk, p)(Angs Anpy)epXdp. o)
0
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Fig. 10. The chemical potential for the spin-down subsystem of spin-polarized >He—Hell mixtures
as a function of temperature T at different values of spin polarization p.

For the spin-down subsystem:

(Galhky) = 60 = 1y + 55 / Wk, )i, ) pPdp: (92)
k
(Ang Ang,)e = '7”( )/ Wk, p)(An,, Ang,) p*dp: (93)
my(k)pgk,) = _ﬁ/ Wk, p){Ang, An,,).p*dp, 94
0

where W(k, p) = V(p,0) — V(k, p), V(k, p) being the Fourier—Bessel transform
of the potential, defined as

Vk, p) = 4 / " V(SR SO oy 95)
0 kr pr

The integrands in (89)—(94) are calculated by Gaussian quadrature (Ali, 1997;
Bishop et al., 1977; Ghassib et al., 1976). Our set of nonlinear integral equations
have been solved numerically by an iteration method for a realistic interhelium
potential. The effective interaction in configuration space between two He quasi-
particles embedded in Hell is the sum of three physical effects (Campbell, 1967).
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Table I. Fermi Temperatures for Spin-Up and
Spin-Down Subsystems at Different Values of
Spin Polarization p

Polarization, p Tgy (mK)  Tgp (mK)
0 37.3 37.3
0.2 45.4 29.8
0.4 53.4 24.6
0.6 58.1 16.7

The first effect is the direct 3He—Hell interaction, V33. To this end, we have used
one of the most highly acclaimed interatomic helium potentials, the so-called
HFDHE2 (Aziz et al., 1979; Janzen and Aziz, 1995):

C C C
V3(r) = e A exp(—fx) — (x—g + x—g + x—l‘fj) ef (x); (96)
where
_ (D _1)?
f(x)::jxp[ (x 1)]’ iig}, 97)

X=Xy = 298A; D=124; A=0.554x10% B =13.35; Cs=1.373;
Cs =0.425; C19 = 0.178; ¢ = 10.8K.

The second effect is the induced potential arising from the interaction between
the *He atom with the Hell background through the bare potential V34:

Vaa(r) = —=2(1 + ) Vaa([r3a])g(r), (98)
where
3y 3
o ={ e =2) ©9)
with
4 \ '3
y=r (—> ;w3 =(1+a)ws. (100)
30)3

Here, w3 (w4) is the volume per particle occupied by a *He (*He) atom, and [r34] =
max(4.0, ). The third effect is associated with the induced potential Hell-Hell
background interaction through the bare potential V4:

Vi = (1 + @) Vau([raa g2 (), (101)

where [r44] = max(3.8, r).
The total effective interatomic potential between two 3He atoms is, therefore,

V(r) = V3a(r) + V() + Vaa(r). (102)



Spin-Polarized >He—Hell Mixtures in the SFA 179

8.00E-05

7.00E-05 -

6.00E-05 -

5.00E-05 -

4.00E-05 -

UiQ [KIAY]

3.00E-05 -

2.00E-05 -

1.00E-05 4

0.00E+00

0 0.005 0.01

X

Fig. 11. The mean internal energy per unit volume
U/ 2 for the spin-polarized 3He—Hell mixture as a
function of concentration at temperature 7 = 0.02 K
and spin polarization p = 0.2.

The Fourier—Bessel transform of the effective interatomic potential is calculated
by the same method for the bare potential HFDHE2 (Aziz et al., 1979; Janzen and
Aziz, 1995). Throughout our calculations the effective mass m3 = 2.35m3 and a
natural system of units is used, such that # = 1 = m3 where m3 is He atomic
mass, the conversion factor being hz/m3 = 16.0838 K.A2 (Bishop et al., 1977).

4. RESULTS AND DISCUSSION

The thermodynamic properties of the dilute spin-polarized *He—Hell mixture
for a 3He concentration of 0.1% were studied at temperature below the Fermi
temperature at different values of temperatures and spin polarization. Also, the
mean internal energy per unit volume and pressure were studied as functions of
concentration at constant temperature and spin polarization.

The mean internal energy per unit volume, pressure, entropy per unit volume,
specific heat per unit volume, and chemical potential were calculated at different
temperatures and at different values of spin polarization.

Figures 14 show the numerical calculations of the thermodynamic properties
of the spin-polarized *He—Hell mixture as functions of temperature T at different
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Fig. 12. The pressure P for the spin-polarized He—Hell mixture
as a function of concentration at temperature 7 = 0.02 K and spin
polarization p = 0.2.

values of spin polarization. The mean internal energy per unit volume, the pressure,
the entropy per unit volume, and the specific heat per unit volume increase with
increasing temperature.

Figures 5—-8 show the numerical calculations of the thermodynamic properties
of spin-polarized *He—Hell mixtures as functions of spin polarization p at different
values of temperature. From these figures, we note that the mean internal energy
per unit volume and the pressure increase with increasing spin polarization; while
the entropy per unit volume and the specific heat per unit volume are weakly
dependent on spin polarization.

Figures 9 and 10 show the effective chemical potentials as functions of
temperature for spin-up and spin-down subsystems at different values of spin
polarization. The increase in the chemical potential of the spin-up subsystem with
polarization is obviously caused by the increase of the density of spin-up particles;
while the chemical potential of the spin-down subsystem deceases because of the
decrease in density of spin-down particles. From these figures, we note that the two
subsystems of spin-polarized mixtures have different Fermi temperatures 7¢4 and
Tr, Try being larger the Tg as shown in Table I If T < Tg, the two subsystems
are degenerate; but if 7 > Tg4, the two subsystems are classical. The interesting
feature is that when Tg, < T < T4, there is aregion where the spin-up subsystem
is degenerate and the spin-down subsystem is classical.

Figures 11 and 12 show the numerical calculations of the mean internal
energy per unit volume and the pressure of the spin-polarized >He—Hell mixture
as functions of concentration at constant temperature and spin polarization.
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5. CONCLUSION

The SFA has been used to study spin-polarized *He—Hell mixtures for the
first time. It has been found that the SFA is valid for this system at low tem-
peratures (<0.025 K). We have found that the spin-polarized *He atoms exist in
two subsystems: spin-up and spin-down. The basic achievements of this paper
are, then, (1) the full derivation of the SFA, for the first time, for spin-polarized
3He—Hell mixtures; and (2) the calculation of the thermodynamic properties of
these mixtures at temperatures <0.025 K. We have found that the mean internal
energy per unit volume, the pressure, the entropy per unit volume, and the specific
heat per unit volume increase with increasing temperature. The mean internal
energy per unit volume and the pressure increase with increasing spin polariza-
tion; while the entropy per unit volume and the specific heat per unit volume are
weakly-dependent on spin polarization.
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